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ABSTRACT 

It is proved that if t¢ is supercompact, there are at least (21P~(/01) + normal 
ultrafilters over P~ffl) and if V=H.O.D. exactly 22 ivK(O) J normal ultrafilters. 

P~(fl) is the  set o f  a l l  non -empty  subsets  o f  fl o f  ca rd ina l i ty  less than  to. I ts  

ca rd ina l i ty  is WP(x, fl). P is the  o rder  type  o f  P as a set of  ordinals .  

The no t ion  o f  supe rcompac t  was defined by  Solovay  ([3]) .  The  bas ic  facts 

a b o u t  it  which will  appea r  in ]-3] are r ep roduced  here for  the  r eade r ' s  convenience 

(up  to  L e m m a  8 and also L e m m a  12). 

DEFINITION 1. An ultrafilter U over P~(fl) is normal (n.u.f.) if: 

a) U is x complete 

b) For all y <fl  {PIP~P~(fl)  y e P } e U  

c) For any function f :  p~(fl)-o fl such that f ( P ) e P  for all P, there is y < fl 

satisfying {n I f ( P )  = Y} ~ U. 

DEFINITION 2. tC is fl supercompact if  there is a n.u.f ,  over P,(fl). 

t¢ is supercompact i f  x is fl supercompact for all ft. 

is terminated in fl i f  fl is the first cardinal such that r is not fl supercompact 

I f  U is a n.u.fl ,  then  i f  we t ake  the  u l t r apower  [VWq~)/U,e/U] we get  a well  

founded  m o d e l  o f  set theory .  

* This is a part of the author's Ph.D. thesis prepared under the supervision of Professor 
Azriel Levy for whose help the author is grateful. 

In 1966-67, Solovay proved Theorem 1 for the case # = t¢ without the condition of ex- 
tendability. The same result, under a somewhat weaker assumption was proved by Namba in 
1967-68. As noted by Solovay, his proof can be adapted to a general,8 (under weaker assumptions; 
if ]PK(,8) I = # it is only needed that ~ is 2P-supercompact). Solovay's result will be published 
in [3]. 
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Let Vv be its transitive isomorph and let * be the canonical elementary embedding 

of  Vinto Vu. (We shall identify VP~tP)/U and Vu where no confusion arises). The 

importance of being normal follows from: 

LEMMA 3. I f  U is a n.u.f, over P~(fl) then every subset of Vv of cardinality < fl 

is a member of Vv. 

Note that by the method of proof  of Lemma 11, we could improve Lemma 3 by 
substituting "every set of  cardinality < WPOc, fl)". 

DEFINITON 4. A set A ~_ P~(fl) is called closed i f  A is closed under non-empty 
union of less than r of its elements. 

A is called unbounded if for any ~ < fl there is P e A such that ~ e P. 

LEMMA 5. Let ~ <- fl and U a n.u.f, over P~(fl), then every closed unbounded 

set A is in U. 

PROOF. Suppose that this is not the case. Define for every P e P~(fl) 

f ( P )  = u{Q[Q__  P, QeA}.  

Note that f ( P )  _ P for all P and 

f ( P )  = P iff P e A. 

Let B = P~(fl) - A. B e U since A ~ U. 

Define 

g ( P ) -  ~ { a [ a e P - f ( P ) )  f o r P e B .  

g ( P ) =  n {~ [~eP}  for P e A .  

Clearly, g ( P ) e P  for every P eP~(fl), therefore there is a 7 < f l  such that 

{Plg(P)  = 7} e U. Then, since B e U, we have B' = {Pig(P) = ~,, P e B} e U. 

Let Q be an element of A such that 7 e Q. By (b) of Definition 1 and x comple- 

teness of U there is Q ' e B '  such that Q _  Q'. But Q ~_f(Q'). So 7 e f ( Q ' ) ,  and 

therefore g ( Q ' ) ~  y. This contradicts Q' ~B' .  

COROLLARY 6. I f  U is a n.u.f, over P~(fl) then r e U. (Note that ~c c_ p,(fl)). 

PROOF. ~ is closed and unbounded in P~(~c). 

It follows that U induces a unique ~ complete u.f. U' over ~c which is normal. 

(The normality of U' follows immediately from the normality of U). 

DEFINITION 7. Let A ~_ P,(fl) ;~ <= fl then [Air (the restriction of A to 7) is 

{P ( 3 7 1 P ~ A } .  I f  U c_ p(p,(f l))  then U[7. (the restriction of U to 7) is 

{ [ A ] , I A e U } .  
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LEMMA 8. I f  U is a n.u.f, over P~(fl), then U ly is a n.u.f, over P~(y) and 

DEFINmO~ 9. A n.u.f. U over P~(fl) is extendible i f  there are unbounded o~'s 

such that U is the restriction of a n.u.f, over P~(~). (By Lemma 8 it follows that 

U is extendible i f f for  all ~ > fl there is a n.u.f. U'overP~(fl) s.t. U = u' l f l ) .  

DEFINITION 10. A set a is stable of degree fl i f  there is a function f :  P~(fl)~ V 

s.t. for  all n.u.f.'s U over P~(fl), [ f ]  represents a in VV~(a)/U. 

LEMMa 11. I f  a is hereditarily of cardinality < WP(•,fl) then a is stable of 

degree ft. 

PROOF. By induction on the rank of a. a is of cardinality < WP(r,  fl), let r 

map P~(fl) onto a. for each member of a, r(P), choose by the induction hypothesis 

a function fe s.t. [fe-I represents r(P) in IPP~(P)/U for all n .u . f .U.  

Define O by O (P) = ] P c3 x[. By normality, it follows easily that [O] represents 

r in Ve~(P)/U for all n.u. f .U.  

Define g by g(Q)= Po(a)(Q). 

FACT. g iS "'normal" in the sense that if s is a function s.t. s( P ) • g( P ) for  all P. 

Then, i f  U is a n.u.f, over P~(fl), there is a Q s.t. (P I s(P) = Q} ~ U. 

PgooF or rilE FAcx. s(P) is of cardinality < O(P).  Using the fact that [O] 

represents ~c, and the x completeness of U, we get p < tc s.t. C = {P Is(P) -- • u.  

Define j ,  for c~ < # by 

j~(P) = The ~th member of s(P) if P • C 

j~(P) = The first member of P if P ~ C 

for each ~ j ~ ( P ) • P  for all P (S(P) ~ P) so by condition (c) of Definition 1 we 

h a v e a ~  s.t. c ~ = { P l j ~ ( P ) = ~ } • u .  Let Q = { y ~ [ a < p } .  

It is easily seen that D = {P Is(P) = Q} =__ c n 

Hence, D • U, which proves the fact. 

Now, define h by h(P)= {ye(P)[ Q eg(P)}. 

Let U be n.u.f, over P~(fl). We prove that a = [h] in Vtr. 

Let Q •P~(fl), and q = [Q 1, by condition (b) of Definition 1 follows that 

But O- P IPc  l>q implies QePo(v)(P), 
hence {P} O e g(P)} • U. 

Therefore, {P lye(P) ~ h(P)} ~ {P[ Q • g(P)), is a member of U. 

Each element of a is r(P) for some P, so we have a _ [h]. On the other hand, 

let t be a function s.t. B = (PI t (P)  • h(P)} • U. Then define 
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s(P) = The first Q s.t. t(P) =fo(P)  for P e B ,  

s(P) = 0 for P ¢ B. 

(We use some fixed well-ordering of P~(fi)). 

For all P we have s(P)~ g(P), so by 'normality'  of g, s is almost constant. 

There is Q s.t. { P I s ( P ) = Q } f f U ,  so { P I s ( P ) = Q ,  P E B } ~ U .  Hence, 

{Pi t (P)  =fo(P)} e U which means It] = [fQ]. Thus, we proved [hl - a. 

Denote h of Lemma 11 b y f f .  Let fl =< 7. It can be easily seen that we can choose 

f~ andf~  (by choosing the r of Lemma 11 for fl and 7 consistently) s.t. 

f~(P) = f~(P N fl). 
Note that f~(P) < tc where a < ft. 

LEMMA 12. Let U be a n.u.f, over P~(fl), 7 < fl then Vvlr can be elementarily 

embedded in Vv in such a way that sets, hereditarily of cardinality < WP(~,7) 

are preserved. 

PROOF. We embed VP'(P)/U]7 in VP'(P)/U by i ( [ f ] )  = [ / ' ]  wh e r e f '  is given 

by f ' ( P )  = f ( P  ~7) ,  for all PeP~(fl). i is well defined because if 

a = {P If(P) =fl(P)}  ~ U[7 

then there is B e  U such that A = [B]~ but n ~_ { P [ f ' ( P ) = f i ( P ) }  ~ I f ' ]  

= If ;] .  

i is elementary embedding because 

VP"(')/UI7 ~l ([ f , ] . . .  I f  J) iff 

A = {PI V ~ I(II(P), '" / , (P))} E U 17" 

A e U IT implies that there is B e U such that A = [ B i t  So we have 

B ~ {PI  V ~ I(ZI(P),."I.(P)} --- C, 

then C e  U,  that is to say 

VI'~(P) /U ~ l ( [ J  ; ] ,  ... [y,',]). 

The note after Lemma 11 actually proves that all sets, hereditarily of cardinality 

_-< WP(n,7) are preserved by i. 

DEFINITION 13. a iS good i f  ~ is a strong limit cardinal (fl < a ~ 2 P <  ~) 

and i f  cf(a) > ~. I f  ~ is good then [P~(fi)[ = c~. 

Let ~* be the image of ~c under * in Vv. From the note in the proof of Lemma 

11, it follows that fl < ~*. 
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LEMMA 14. Let U,U'  be n.u.f, over P~(fl). Suppose that [P~(fl)[=]]. I f  

U' ~ V~: then ~ < ~ .  

PROOF. Since x is inaccessible,' Vv ~ x~ is inaccessible. All the functions 

f :P~(f l ) -~ ~ are in Vu (they are hereditarily of cardinality fl). But in Vv, Vv 

x* > fl > x, therefore in Vv the set ~:P~a)has cardinality less than ~*. 

Since x , , =  ( [ f  ][f e~e~(~) ), and U '~  Vu the map f -~  [-f] is in Vu, so in Vw 

I < < 

LEMMA 15. I f  ~ iS good and ~ is ~ supercompact then there is a n.u.f. ,U, 

over P~(~) such that in Vv x is terminated in ~. 

PROOF. Since ~ is a strong limit cardinal,for any n.u.f. U over P~(~), we have 

Vu ~ g is fl supercompact for all fl < ~. (A n.u.f, over P~(fl) is a set hereditarily 

of eardinality < ~). 

Choose U over P~(~) s.t. 1<* is minimal, = therefore P(P~(~))~ Vv. 

(For any subset of P~(~) is hereditarily of cardinality _< ~). 

If  we have Vv ~ ~ is ~ supercompact, then Vv ~ there is a n.u.f, ofer P~(~), 

but if U' is a n.u.f, over P~(~) in Vv, it is a n.u.f, in V. (P(P~(~) ~ Vv !) 

Since U' ~ Vo, by Lemma 14 we get r~, < x* which contradicts the minimality 

of ~cg. 

DEFINITION 16. Let x be terminated in ft. ~ reflects ~c if  the following holds: 

For all y < ~. I f  U is a n.u.f, over P~(~) and for all ~ < ~5 < ~, U is a restriction 

of a n.u.f, over P~(5), then for all ~ < fl, U is the restriction of a n.u.f, over 

P~(e). I f  x is supercompact, then ~ reflects ~c i f  for all ~ < ~, i f  U is n.u.f, over 

P~(~) and for all ~ < ~ < ~ U is a restriction of a n.u.f., over P~(5), then U is 

extendible. The usual reflection principle (l-l]) shows that i f  rc is supercompact, 

we have unbounded numbers of c~' s which are good and reflect x. 

Suppose that ~ is good and reflects ~c, U a n.u.f, over P~(a) such that Vv ~ ~c 

is terminated in ~. Then for ~ < ~: 

V ~ y is good and reflects ~: iff Vv ~ ~ is good and reflects x. 

The proof is straightforward by noting that all subsets hereditarily of cardinality 

< ~  are in Vv. 

Under the same assumptions if ~ is the ~th good cardinal which reflects 1< we 

get by the same consideration (note y < ~). 

Vu ~ x is finished in the ~th cardinal which is good and reflects x. 
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THEOREM 1. I f  l~ is supercompact, there are al least (2wP(~'P))+ n.u.f.'s over 

Px(fl) which are extendible. 

PROOF. We shall map (2ree(~'a)) + into the set of extendible n.u.f.'s in a one-to-one 

manner. 

Let ;~ < (2wP(~'~)) + and let c~r be the ;~th good cardinal >/3 which reflects x. 

Let Ur be a n.u.f.s.t, in Vtr ~ tc is terminated in er" (U~ exists by Lemma 15). 

Vu, ~ ~: is terminated in 7th cardinal which is good, > fl, and reflects ~c. 

Hence" 

Vtr ~ there is a well-ordering X of P(P~(fl)) s.t. ifTx is the order type of X, x is 

terminated in er,~" 

By Lemma 12 we have: 

(I). Vv la ~ There is a well-ordering X of P(P~(fl)) s.t. Yx is the order type of 

X, x is terminated in e,~. (Note that fl and r are preserved by the elementary 

embedding of Vvl~ into Vu).  

Let <(P~(fl)),e> be that well-ordering in Vv ta" 

It must be of order type 7 because the elementary embedding of Vv~.l p into Vv, 

preserves e. (It preserves any element of P(P~(fl)), which means that it preserves 

pairs of elements of P(P~(fl)), and any set of pairs of elements of P(P~([3))). 

Clearly the mapping 7 ~ Uy Ifl, is one-to-one because for different c~'s we get 

different well-ordering fulfilling the statement I. 

U~lfl is extendible because it is a restriction of a n.u.f, over P~(er), and ey 

reflects x, which means that U, [fl is extendible to any ordinal < e, ~ U, Ifl is 

extendible. Q.E.D. 

In Theorem 2 we give an exact figure for the cardinality of n.u.f. 's over P~(fl). 

However, we use an assumption V= H.O.D. where V=  H.O.D. is a shorthand 

for "every set is ordinal definable", ([2]), which is by no means known to be 

consistent with the existance of supercompact cardinal. 

THEOREM 2. I f  V= H.O.D. and tc is supercompact, then there are2 2wP~'~ 

extendible n.u.f.'s over P~(fl). 

PROOF. Define e to be super-good if c~ = every set in R(c0 is ordinal 

definable in R(c0 for some fl < e, and cf(e) > x. 

If  in R(fl) every set is ordinal definable in some R(/?) (fl < e) then the canonical 

well-ordering of R(fl) described in ([2]) is the restriction of the canonical well- 

ordering of V. 
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I f  ~ is super-good, U a n.u.f, over P,,(~) then R(c0 ~ Vv (because R(c 0 is heredi- 

tarily of  cardinality < a), and Vv ~ c~ is super-good. 

We map 22w~'~'~) to the set of n.u.f.'s over P,~(fl) which are extendible. 

Let y < 22wPc ~) and ~ the 7-th super-good cardinal which reflects ~c and is 

>3- 
Let U~ be a n.u.f, over P~(%) s.t. Vv ~ ~c is terminated in %. Since (7 < 22~P(~ '  

we have a canonical well-ordering of P(P(P~(3))) of order types 22W~"'"). This 

well-ordering is definable in R(%), so it is definable in Vv~. Denote:it by ~t. Then 

is the order type of an initial segment of at fixed by a e P( P( P,,(fl) ) ). 

a e Vo la because a is definable from 3 and ~c in Vv and therefore it is the image 

of  some element of Vv~lp by i of Lemma 12. 

But a ~_ P(P,,(3)) and each of the elements of P(P~(3)) is preserved by i, so 

i - l (a)  = a. 
For different V's we get different a 's because an initial segment of order type 

is fixed in the canonical well-ordering of P(P(P,,(3))) by a different subset of 

P(P,,(3).) 
Each of  the a 's is definable in Vv I~ from x and 3 by the same formula, which 

implies by the stability of ~ and 3 of degree 3 that: 

U~I 3 is extendible because it is extendible up to c~ r and ~r reflects ~c. 
Q.E.D. 

By Corollary 6, we get that ~c as a measurable cardinal has at least (U) + 

normal ultrafilters and if V=  H.O.D., exactly 22~ n.u.f.'s. 

REFERENCES 

1. Montague-Vaught, Natural models of set theories, Fund. Math. 47 (1959), 219-242. 
2. Myhill-D. Scott, Ordinal definability, to appear in the Proceedings of the U.C.L.A. 

Seminar of Set Theory, 1967. 
3. W. N. Reinhardt and R. Solovay, Strong axioms of infinity and elementary embeddings, 

(to appear). 

Tm~ HEBREW UNIVERSITY OF JERUSALEM 


